In this paper, the problem on the Cramer-Rao Lower Bound (CRLB) of joint time delay and Doppler stretch estimation for an extended target is considered. The integral representations of the CRLBs for time delay and Doppler shift are derived. For the convenience of computation and analysis, series representations and their approximations are further proposed.
I. INTRODUCTION
J Oint estimation of time delay and Doppler stretch is a fundamental problem in radar and sonar systems, and has been well addressed for a narrowband signal [1] , [2] .
In many modern applications, however, wideband signals are adopted and the narrowband model may not hold in these situations. A narrowband model is appropriate when BT ≪ c/2v [3] , where B and T are the bandwidth and duration of transmitted signal, respectively, v is the relative velocity between the target and sensor, and c is the propagation speed of signal. In an imaging sonar or radar, for instance, since the high range resolution is pursued, signals with large bandwidth B are usually employed. To seek a low interception probability (LPI), as another example, the transmission power should be lowered down, and an effective approach is to choose a signal with large BT such that the energy can be spread over a wider region in the time domain or frequency domain.
There are significant variations in the echoes model when a wideband signal is applied. Firstly, a target can be modeled as a point scatterer under the narrowband assumption. In contrast, when a signal with large bandwidth is utilized, a target may span over several adjacent range units due to the high range resolution (HRR), and should be described with multiple scatterers. In this case, the target is referred to as an extended target. Secondly, under the narrowband model, the Doppler effect on the echoes is approximated by a carrier frequency shift over the transmitted signal. The complex envelop variation of the transmitted waveform is assumed to be negligible. However, as BT approaches c/2v, the Doppler effect on the complex envelop should be considered [3] , [4] .
The Cramer-Rao Lower Bound (CRLB) is an important tool for estimation problems. The CRLB is the minimal variance for any unbiased estimator [5] and thus, it is usually employed to evaluate the performances of various estimators [1] . The CRLB is also a criterion for optimal waveform selections [4] , [6] , [7] . The CRLB for a narrowband signal is investigated in [1] , [2] , [8] , [9] , while studies in [4] , [10] concern with the wideband model for a single scatterer. Liu et al. [11] consider the CRLB of HRR profiles and velocity estimate, but the transmission is limited as a step frequency signal. In this paper, we derive the CRLB for an ordinary wideband signal under the extended target model, which is more general and realistic when wideband waveforms are transmitted.
The rest of this paper is organized as follows. Section II establishes the signal model. In Section III, the CRLBs of time delay and Doppler stretch are derived and discussed. The integral representations of the CRLBs are presented firstly and, for the convenience of analysis, series representations and their approximations are further proposed. According to the series representations, the influences of the energy, effective bandwidth and effective duration on CRLBs are analyzed. Section IV provides some numerical examples. Section V is dedicated to a brief conclusion.
II. MODELING AND PROBLEM STATEMENT
Consider an extended target which contains multiple scatterers. Assume that the target is moving along the line of sight (LOS) with a radial velocity v relative to the sensor (radar or sonar). The velocity is positive if the target is moving apart from the sensor.
Let s(t) be the transmitted signal which is time-limited to [0, T ], that is, s(t) = 0 for any t < 0 or t > T . Thus, the echo can be modeled as
where τ p is the time delay of the pth scatterer, γ represents the Doppler stretch, and the scattering coefficient x p accounts for the propagation attenuation and the influence of Doppler stretch on signal energy. Without the loss of generality, the extended target is assumed to consist of P ideal point scatterers, which are uniformly spread over the space. Thus, the time delay of the pth scatterer τ p = τ + (p − 1)∆, where ∆ is the sample interval and τ is unknown to the sensor. The size of the target L = 1 2 c(τ P − τ 1 ). The Doppler stretch γ = (c − v)/(c + v), where c is the propagation speed of transmitted waves in a free space. The noise w(t) is considered as a white Gaussian noise(WGN) with power spectral density N 0 . The parameters under estimation are θ = [τ, γ, x 1 , ..., x P ] T . Sample the echoes at the rate of 1/∆, and the original signal (1) turns into
x p s(γ(n∆ − τ p )) + w n , n = 0, 1, ..., N − 1, (2) where y n = y(n∆), the noise w n = w(n∆) is distributed as CN (0, σ 2 ) and σ 2 ∆ = N 0 [1] . Rewrite (2) in a matrix form as
where y = [y 0 , ...,
We make the following assumptions:
Assumption 1: For any p, we have τ p + T γ ≤ (N −1)∆, which indicates echoes from the target are completely sampled.
Assumption 2: Both τp ∆ and T γ∆ are considered as integers. It suggests that the sampling interval ∆ is small enough.
Assumption 3: s(t) has derivatives of all orders throughout (−∞, +∞) and there exist constants C 1 , C 2 > 0 such that
with M
and
where s (m) (t) is the abbreviation of d m s dt m (t). From the assumptions and definitions above, the following theorem can be derived.
Theorem 1: For any p, q ∈ N + and s(t) satisfying Assumption 3, following equations hold:
where * denotes the complex conjugate.
Proof: See Appendix. The parameter M can be considered as the measurement of bandwidth and duration, respectively. The effective bandwidth of s(t) is defined by [12] 
According to the Fourier transformation, (11) can be rewritten asB
where S(f ) is the frequency spectrum of s(t). SinceB measures the spread of signal s(t) in the frequency domain in an root mean square sense, we also refer to it as the root mean square bandwidth. The effective duration can be defined by [4] , [12] 
It is also called as root mean square duration. To avoid confusing, we refer toBT as effective time-bandwidth product.
For a narrowband signal
where u(t) is the unit step function, we haveB = f c and T = √ 3 3 T . In addition, for notational conciseness, some matrices are introduced. We define
Particularly, Γ (0) = 1 P ×P = 11 T , that is, all of the elements in Γ (0) equal to 1.
III. DERIVATIONS OF THE CRLBS

A. The integral representations of CRLBs
The CRLB is the minimal variance of any unbiased estimator and is usually used as a benchmark to evaluate the performance of estimators. Let p(y; θ) be the probability density function of the observations y in (3). Then, the covariance matrix of any unbiased estimatorθ satisfies
where FIM ∈ R (P +2)×(P +2) is the Fisher information matrix defined by
Inequality between matrices A ≥ B, means A − B is positive semidefinite. The CRLB of θ is given by the diagonal elements of FIM −1 . Note that y ∼ CN (µ(θ), σ 2 I), where µ(θ) = Φx. Thus, the Fisher information matrix can be calculated by [1] [FIM] ij = 2
Partition FIM as
where F ij ∈ R, i = 1, 2 and j = 1, 2; F 3i ∈ R P ×1 , i = 1, 2 ; F 33 ∈ R P ×P ; J 11 = [F ij ] , i = 1, 2 and j = 1, 2;
The elements of FIM are calculated as following
where in the third line of the equation, we use the fact that s(t) is equal to zero for any t / ∈ [0, T ]. In the last line, the summation is approximated with an integral by letting ∆ → 0, which is based on the assumption that the sampling interval ∆ is small enough. Similarly, we have
In applications of radar and sonar, parameters τ and γ, which represent the range and velocity of target, respectively, are often of special interest. In this paper, only the CRLBs of τ and γ are calculated in details. Apply the formula for inverting partitioned matrices and it yields the CRLB matrix for τ and γ as
and then elements FIM −1 1,1 and FIM −1 2,2 give the CRLBs of time delay and Doppler stretch, respectively,
where
(31) Given the waveform s(t) and target parameters, the CRLBs are obtained with (22)-(27) and (29)-(31). Notice that integral operations on s(t + γ(τ j − τ i )) and s (1) (t + γ(τ j − τ i )) are involved. Therefore, for different delays τ i − τ j and Doppler stretch γ, the integrals are required to calculate correspondingly.
B. The series representations of CRLBs
In the previous subsection, the integral representations of CRLBs (22)-(27) and (29)-(31) are derived. However, it is not convenient to apply these formulas to compute and analyze the CRLBs. There might be two problems. Firstly, the integrals involved in (22)-(27) should be computed correspondingly for different time delays and Doppler stretch, causing the computational load large. Secondly, due to these complicated integrals, it is difficult to analyze the influences of waveform parameters on the CRLBs with the integral representations of CRLBs. To relieve these two drawbacks, we replace functions s(t+γ(τ i −τ j )) and s (1) (t+γ(τ i −τ j )) with their Taylor series, respectively, then rewrite the CRLBs in the form of series. Unlike the integral representations that involve many complex integrals, these series representations only consist of integrals M k i , i = 1, 2, 3, k ∈ N, which can be calculated and stored previously for a specific waveform, e.g. chirp or phase-coded signal. Since it is avoided to compute the integrals that involve various time delays and Doppler stretch, the computational load is significantly reduced. Meanwhile, the influences of waveforms on CRLBs can be easier to analyze by employing the series representation. Owing to these advantages, the series representations are valuable. In this subsection, the series representations of CRLBs are derived and then, a kind of approximations on CRLBs are presented.
Under Assumption 3, for any t ∈ R, following equations on Taylor series hold [13] :
where 0! 1. Substituting (33) into (22) and applying the Lebesgue's Dominated Convergence Theorem which is one of the rules on the interchangeability between integral and limit [14] , we have
Note that formula (8) is employed to deduce the second equality in (35) . Similarly, substitute (32)-(34) into (23)-(27) and apply formula (8)-(10) in Theorem 1, then other elements of FIM can be written as
Notice that in (38), x T Γ (2k+1) x = 0, ∀k ∈ N, is applied. Define the following matrices
Note that FIM = lim
and therefore, the FIM (K) can be considered as an approximation of FIM and E (K) is the approximation error. From the results shown above, approximation representations of CRLBs can be derived if the following assumption holds:
More strictly, given the size of target L, the integer K is chosen large enough such that
where · is a norm of a matrix. Inequality (48) means that FIM (K) is close enough to FIM and, thus, makes the approximations reasonable. According to (45), a larger K is required as the size of target increases or the more accurate results are needed. The inverse of Fisher information matrix FIM −1 can be written as [13] FIM
The error on the inverse FIM due to approximation (49) is calculated by
which indicates that the error decreases if a larger K is used. The approximations of CRLBs are given by
Given a particular target (can be an extended target) with size L, we can calculate the approximate CRLBs with following the two steps:
Step 1 Select a K, which relies on L, such that Assumption 5 holds.
Step 2 Substitute the selected K into (52)-(54).
We consider a special case where K = 1, which means the extension of the target L is not large, then, a
a
x p and that do not depend on the time delays and Doppler stretch.
C. A special case: P = 1
In previous subsections, we derive the CRLBs for an extended target (29)-(31) in the integral or series representations, respectively. In addition, formulas (52)-(54) can be used to approximate the theoretical CRLBs. When P = 1, the extended target reduces to a single scatterer, and the scattering coefficients x reduce to a scalar x. Substitute P = 1 into (22)-(27), or equivalently into (35)-(42), and then the CRLBs of a single scatterer target are obtained as
These results accord with the previous ones in [4] , where the CRLBs are calculated in the case that the amplitude x of signal is assumed to be known. The only difference lies in the representation ofã 22 , which is 2x 2
under the assumption of a known amplitude [4] .
According to (58)-(62), waveform parameters that have influences on CRLBs are M results from changing the amplitude of transmitted signal. According to the Cauchy inequality [14] and s(t) = 0, t / ∈ [0, T ], we have
From (64), it is reasonable to consider
where C 4 > 0 is a constant. Notice that M 
From the definition of the y = O(x) mentioned in Subsection III-B, (66) and (67) imply that there exists a constant C 5 > 0,
as M (0) 0 ,B,T → +∞. Note that both CRLB τ,P =1 and CRLB γ,P =1 are positive due to the positive definite property of a CRLB matrix. From (68) and (69), the following conclusions are indicated:
1) The waveform parameters that have influences on CRLBs of time delay and Doppler stretch are the energy, effective bandwidth and effective duration.
2) The energy of transmitted signal is negatively correlated to the CRLBs of time delay and Doppler stretch.
3) There exists a negative correlation between the effective bandwidth and the CRLB of time delay. 4) There exists a negative correlation between the effective time-bandwidth productBT and the CRLB of Doppler stretch.
D. Discussions on waveform parameters
In this subsection, discussions about influences of waveform parameters on CRLBs in the case of a single scatterer are generalized to the extended target situation. It is worth mentioning that the alteration of effective bandwidth or effective duration results in changes of M i , k ≥ 2. Thus, it is believable that for an extended target, the energy, effective bandwidth and effective duration have more significant effects on the CRLBs than M
To simplify the discussion, we assume that 1)
on CRLBs are negligible, i = 0, 1, 2 and k ≥ 2, 4)T andB are mutually independent. Note that the first two assumptions are similar to those mentioned in Subsection III-C. Since these assumptions are not strictly examined, the discussions presented in this subsection are qualitative, but can still give some meaningful insight.
Referring to (35)-(42), we have
Substitute (70)-(75) into (31), and we have
Similarly,
Substituting (76)-(78) into (29) and (30), we obtain
which are the same as (66) and (67), respectively. Thus, we obtain similar arguments: 1) The energy of transmitted signal is negatively correlated to the CRLBs of time delay and Doppler stretch.
2) Qualitatively, there exists a negative correlation between the CRLB of time delay and the effective bandwidth.
3) Qualitatively, the CRLB of Doppler stretch is negatively correlated to the effective time-bandwidth product.
For the narrowband signal (14) 
The Doppler shift is defined by f d = γf c − f c . According to [1] , the CRLB of Doppler shift is calculated by
It indicates that under the narrowband assumption, there exists a negative correlation between the CRLB of Doppler shift and duration.
IV. SIMULATION In this section, we compare the performances of estimators with the derived CRLBs and give several numerical examples on the properties of CRLBs.
In the case where a narrowband signal is transmitted, the standard method to estimate time delay and Doppler stretch is using the ambiguity function (AF) [1] , [2] , which is asymptotically efficient, that is, the estimator is unbiased and reaches the CRLB when the number of independent observations approaches to infinity [5] . For a wide-band model, when the observed target has only a single scatterer, the wide-band ambiguity function (WBAF) applies [3] , [16] . It is shown in [4] that under high SNRs, the WBAF estimator is asymptotically unbiased and the variances are close to the CRLBs for a large variety of signals. In this paper, we continue to use the WBAFbased estimator for an extended target. Numerical results are presented in this subsection and theoretical analyses on the achievability of CRLBs are remained for future work.
The WBAF, suggested by [8] , is
where s r and s d are the received and reference signals, respectively. The received signal s r is modeled as (1) , and the reference s d is chosen separately for different estimators.
Oracle matched filter:
x p s(γ(t − τ p )), WBAF estimator:
x,y f (x, y) means the pair (x, y) is the maximizer of function f (x, y).
The estimations [τ * ,γ * ] are ideal but untractable in practice, because the number of scatterers P and the scattering coefficients x are unknown. The oracle matched filter is introduced as a comparison to discuss the properties of CRLBs. In actual scenarios, the WBAF estimator [τ ,γ] is often applied.
The CRLBs and mean square errors (MSEs) ofτ * andτ versus various SNRs are shown in Fig.1 and Fig.2 . The number of scatterers are selected as P = 4 and 16 for Fig.1 and Fig.2 , respectively. All of the scattering coefficients x p are assumed to equal 1. The time delay τ = 2 × 10 −4 s and the Doppler stretch γ = 1/1.06. The source signal s(t) is a monopulse Chirp signal, time-limited to [0, 5 × 10 −5 s] and band-limited to [0, 1.28 × 10 5 Hz], that is,
where a = 2.56 × 10 9 Hz/s, T = 5 × 10 −5 s and u(t) is the unit step function. The SNR is defined as
and is changed by altering N 0 . The sampling interval ∆ = 6.25 × 10 −8 s. The CRLBs are calculated by (22)-(27). The MSEs are computed with 100 independent Monte Carlo trials. As presented in Fig.1 and Fig.2 , the MSEs ofτ * are smaller than the corresponding CRLBs when the SNR is relatively large (e.g. larger than 26dB when P = 4) and the reason is that the Oracle matched filter [τ * ,γ * ] assumes that all of the x p are known and thus the number of unknown parameters decreases. In addition, the MSEs ofτ gradually deviate from the corresponding CRLBs, indicating that the WBAF estimator [τ ,γ] is not appropriate under high SNRs. Comparing Fig.1 and Fig.2 , we find that under high SNRs, the performances of estimators are significantly effected by the number of scatterers.
The approximation formulas of CRLBs (52)-(54) are compared with the theoretical CRLBs (29)-(31). The comparisons are presented in Fig.3 with P = 4 and 100, respectively. The approximate CRLBs are calculated by (55)-(57) which is a special case of (52)-(54) where K = 1. Other parameters are the same as those for Fig.1 . It is also indicated that the approximate CRLBs are accurate in the case of small target (P = 4) and become invalid when the target is large (P = 100). This is because the Assumption 5 does not hold for K = 1 in the case of a large target. According to (45), a larger K is required as the size of target increases.
The influences of the size of target on the CRLBs are shown in Fig.4 and Fig.5, where P = 1, 4, 16 and 100, the other parameters are the same as those for Fig.1 . The CRLBs are calculated with (22)-(27). It indicates that the CRLBs are higher and therefore, the performance limits of estimators become worse, when the size of target increases.
The influences of effective bandwidth on the CRLBs of time delay are shown in Fig.6 , where a changes from 0.256 × 10 9 Hz/s to 2.560×10 9 Hz/s and other parameters are the same as those for Fig.1 . The effective bandwidthB increases from 0.7604 × 10 5 Hz to 9.0884 × 10 5 Hz. The effective durationT increases from 0.3549 × 10 −4 s to 0.3893 × 10 −4 s and can be Two experiments are implemented to demonstrate the relation between the time-bandwidth product and CRLBs of Doppler stretch. In the first one,BT changes andT keeps constant. In the second one,BT keeps constant andT varies. The results are depicted in Fig.7 and Fig.8 , respectively. Note that the effective time-bandwidth productBT is proportional to aT 2 for a Chirp signal. In Fig.7 , a changes from 0.256 × 10 9 Hz/s to 2.560 × 10 9 Hz/s and other parameters are the same as those for Fig.1 . The effective time-bandwidth productBT increases from 2.6988 to 35.3786. The effective durationT increases from 3.549 × 10 −5 s to 3.893 × 10 −5 s and can be considered as almost unchanged. These parameters are designed similarly to those for Fig.6 . In Fig.8 , aT 2 ≡ 6.4, T Fig.7 with Fig.8 , we find 1) there exists a negative correlation between the CRLB of Doppler stretch and the effective time-bandwidth product, 2) the relation between the CRLB of Doppler stretch and the effective duration is not apparent. correlated to the effective bandwidth and the effective timebandwidth product, respectively. In addition, compared with a single scatterer, an extended target consisting of multiple scatterers leads to higher CRLBs under the same SNR level.
V. CONCLUSION
In this paper, the integral and series representations of
APPENDIX
Proof of Theorem 1
Lemma 1: For real-valued functions a(t) and b(t) satisfying Assumption 3, the following equation holds:
Proof: Integrating by parts, we have
Note that +∞ −∞ f (t)dt < +∞ implies lim t→∞ f (t) = 0, which is employed in the second equality in (90). By using Lemma 1, Theorem 1 is proved as following.
Proof of formula (8) . Proof: Write s(t) in the form of u(t) + iv(t), where i 2 = −1. Then, applying (89), for any m = 2k, k ∈ N + , we have 
Similarly to the technique used in (91), for any p, q ∈ N, the formula (8) 
Proof of formula (9) . Proof: For m, n ∈ N + and n ≤ m, using (89) and (94) , we have 
